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We analyze the problem of one dimensional quantum particle falling in a constant gravitational
field, also known as the bouncing ball, employing a semiclassical approach known as momentous
effective quantum mechanics. In this formalism the quantum evolution is described through a
dynamical system of infinite dimension for the position, the momentum and all dispersions. Usually
the system is truncated to have a finite dimensional one, however, in this case equations of motion
decouple and the system can be solved. For a specific set of initial conditions we find that the time
dependent dispersion in position is always around the classical trajectory.
PACS numbers:
I. INTRODUCTION
The description of classical and quantum phenomena
has in general, profound differences in its mathemati-
cal formulation and its physical interpretation. On the
one hand, in classical mechanics one studies the state of
physical systems by analyzing the movement of its con-
stituents under the influence of external forces, or its en-
ergy (Hamiltonian) description, and the time evolution
of such systems is based on a set of ordinary differential
equations of motion. In such a way, once the physical
variables describing the system are obtained as functions
of time, for a set of initial conditions, one knows a pri-
ori the behavior of the system at all times, hence classi-
cal mechanical systems are completely deterministic. On
the other hand, quantum systems have a probabilistic de-
scription, for instance, it is not possible to know simulta-
neously the position and momentum of a given particle
at a given time, according to Heisenberg’s uncertainty
principle, therefore the concept of trajectory is lacking.
All the information of the system is codified in the wave
function ψ(x, t), whose squared norm gives the probabil-
ity of the system of being in a certain state. The evo-
lution of the wave function is determined by solving the
well-known Schro¨dinger equation.
Given the probabilistic nature of the quantum me-
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chanical description of physical systems, its interpreta-
tion is not always straightforward, being also compli-
cated because the solution of the Schro¨dinger equation
involves boundary conditions, even for the simplest sys-
tems. Hence, the use of approximation methods is not
only desirable but necessary in order to study such sys-
tems and to better understand their behavior. There
exist several such methods, most notable the WKB and
perturbation methods [1]. It is possible however, under
certain assumptions, to give an equivalent description to
the quantum evolution by means of a quasi classical de-
scription, on the grounds that quantum mechanics should
reduce to a classical theory in limit when ~ → 0. In-
deed, the so-called Ehrenfest theorem says that, for a
sufficiently narrow wave package, the expected value of
the position in that state follow on average a classical
trajectory. However, an infinite number of corrections
around such classical trajectory are needed to reconstruct
the corresponding quantum state [2]. Hence, in order to
describe the behavior and evolution of a quantum system
by means of a set of quasi classical differential equations,
evolution equations for quantum corrections must be in-
cluded.
Semiclassical effective quantum mechanics is an ap-
proach that has been developed to systematically ana-
lyze quantum effects through modifications of the classi-
cal equations, leading to observable effects as deviations
from the classical behavior [3]. This approach allow us
to approximate the evolution of the quantum state of
the physical system through a hierarchy of coupled clas-
sical dynamical equations for configuration variables and
for quantum dispersions or uncertainties, that in turn
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2and under certain conditions, can be considered correc-
tions that slightly modify the classical behavior. The
method not only serves as an approximation to the quan-
tum behavior but it is equivalent to the latter when
all the infinitely many quantum corrections are taken
into account. It also proves useful when the concept of
quantum trajectory is needed because semiclassical tra-
jectories can be generated in this setting.
In this work we apply the momentous effective formal-
ism to a quantum particle in a the presence of a grav-
itational potential. For this problem it is shown that
the effective system reduces to a finite number of quan-
tum corrections, thus making the system exactly soluble.
In section II we review the classical and quantum dy-
namics of the quantum ball. In section III we describe
the method of effective equations for the moments, i.e.
classical and quantum variables, analyzing the quantum
gravitational effect on the bouncing ball and discuss its
deviation from the classical behavior due to quantum cor-
rections.
II. QUANTUM PARTICLE IN A
GRAVITATIONAL POTENTIAL AND SCALING
A. Classical bounce
The dynamics of a particle under the influence of a
gravitational potential V (x) = mgx is governed by the
Hamiltonian
H(x, p) =
p2
2m
+mgx. (1)
For general initial conditions (x(t), x˙(t))|t=0 = (x0, v0),
the solution of the equations of motion for the position
x as a function of time is
x(t) = x0 + v0t− g
2
t2, (2)
where g is the acceleration due to gravity. As aforemen-
tioned Eq. (2) determines the position of the particle
for any time t > 0. Without any lose of generality we
can choose v0 = 0, a different value of the initial velocity
simply shifts the value of x0.
As in [4], we place a mirror at the bottom of the po-
tential so the system is conservative and we have infinite
parabolas, one for each bounce. It is possible to write
the general solution in the following way in terms of the
period
x(t) =
(
x0 − g
2
t2
)
Θ(t) +
+ 2gT
∞∑
n=1
(t− (2n− 1)T ) Θ (t− (2n− 1)T ) ,(3)
where T 2 = 2x0/g is the drop time and Θ(t) is the Heav-
iside step function. This solution can be expanded in
Fourier series in order to be compared with the quantum
case [4], giving
x(t) ≈ 2
3
x0 +
4x0
pi2
∞∑
n=1
(−1)n
n2
cos
(
2pin
T
t
)
. (4)
B. Quantum bounce
Now we study the quantum behavior of a massive
quantum particle in the presence of this constant grav-
itational field. The motion of a falling particle above a
mirror is known as the quantum bouncer [4, 5], the reflec-
tive potential potential can be simulated by solving the
Schro¨dinger equation in the region x > 0. For neutrons
the characteristic length scale of the system is of the or-
der of peV, an energy scale that can be used in measure-
ments of fundamental constants and gravitational effects
beyond Newtonian theory [6].
For this gravitational potential V (x) = mgx, the quan-
tum Hamiltonian operator is
Hˆ =
pˆ2
2m
+mgxˆ = − ~
2
2m
∂2
∂x2
+mgx, (5)
whose eigenvalue equation is
Enψn = − ~
2
2m
∂2ψn
∂x2
+mgxψn. (6)
ψn(x) are the wave eigenfunctions and En the energy
spectrum. Equation (6) can be rescaled to be dimen-
sionless by introducing a characteristic length and energy
scales
lg =
(
~2
2gm2
)1/3
, (7)
Eg =
(
~2g2m
2
)1/3
= mglg . (8)
Thus, with the new variables x? = xlg and E
? = Emglg ,
Eq. (6) turns into an Airy equation of the form ψ′′(x?) =
(x? − E?)ψ(x?), whose solution are the Airy functions
shifted from the roots xn as follows
ψn(x
?) = NnAi(x
? − xn), (9)
where the Nn are normalization constants.
The Airy function is defined by
Ai(x) =
1
pi
∞∫
0
cos
(
t3
3
+ xt
)
dt. (10)
The energy spectrum is written in terms of the zeros of
the Airy function, xn > 0, such that En = mglgxn, for
n = 1, 2, . . . An analytical approximation of xn for large
n is given in [7], yielding for the energies
En ∼= mglg
[
3pi
2
(
n− 1
4
)]2/3
. (11)
3The first eigenvalue for n = 1 is equal to E/(mglg) =
2.33811, while the approximation (11) gives the value of
E/(mglg) ' 2.32025, which only differs from the for-
mer by 0.76372%. For neutrons with mass 940 MeV/c2
the corresponding gravitational length is lg = 5.87µm,
whose corresponding energy scale is Eg = 0.602 peV, [6].
Recently, experiments showing that the transitions be-
tween the quantum states of neutrons can be triggered
by the vibrations of a mirror have been proposed. In such
cases the quantum bouncer is used for measurements of
sensitivity in gravity tests [8, 9].
An approximation of the evolution of the expectation
value for position in (5) with gaussian initial wave packet
Ψ(x, 0) =
(
2/piσ2
)1/4
e−(x−x0)
2/σ2 , where σ is its width
and is height is x0, can be given for high quantum en-
ergies, corresponding to the semiclassical limit, and is as
follows
〈x(t)〉 ≈
∞∑
n=−∞
e−
pi2n2
2σ2
x0Ane
−2inpi
T t
=
2
3
x0 +
4x0
pi2
∞∑
n=1
(−1)n
n2
e−
pi2n2
2σ2
x0 cos
(
2pin
T
t
)
.(12)
Note that for large height x0 the first factor in the sum
(12) tends to unity and the Fourier series of (3) is re-
trieved.
As shown in [4], for certain initial states the expecta-
tion values of the position bounce, collapse to the clas-
sical value for some time, and then revive and start to
bounce again. The revivals can be interpreted as an in-
terference between different sections of the wave packet
that have already bounced. This system has also been
approached with the WKB approach with which is the
possible effect of tunneling resonances [5]. Further, it has
been found that a falling wave packet can have a diffrac-
tive structure depending on its initial dispersion, if it is
wider than the characteristic length lg, it falls as a free
packet, but if it is smaller, it has a diffraction pattern
[10]. Certainly, the appearance of such collapses and re-
vivals was visualized on light propagation in an optical
waveguide [11]. This model has been further extended
to matter-wave soliton that bounces more like a particle
compared to the wave packet [12].
III. MOMENTOUS EFFECTIVE
FORMULATION OF THE QUANTUM FALLING
PARTICLE
As it is well known it is impossible to know simultane-
ously the position and momentum of a quantum particle
or system due to the Heisenberg uncertainty principle,
that is, there exist no quantum trajectories analogous to
the classical evolution. However, as we mentioned above,
there is a particular semiclassical formalism in which a
quantum mechanical system can be studied as a classical
Hamiltonian system but in a infinite dimensional phase
space, where the additional degrees of freedom are di-
rectly related to the expectation values of all the infinite
many quantum dispersions [3]. This formalism was first
applied to soluble models of loop quantum cosmology to
show the existence of a quantum bounce at the beginning
of the universe [13–16]. However, it has also been stud-
ied in other systems such as anharmonic oscillators [17],
and also two dimensional systems as the quantum Kepler
problem [18]. The name of momentous effective quantum
dynamics comes from the similarity of the quantum vari-
ables, that are the expected values of the dispersions,
with the statistical moments of the probability distribu-
tions, although the former also contain additional quan-
tum effects from the non commutativity of the quantum
operators [19]. One of the very interesting features of
such formulation is that it yields a classical dynamical
evolution that is, one can obtain trajectories for the quan-
tum evolution provided with suitable initial conditions,
laying an ideal ground for comparison between different
analysis.
For a system with one degree of freedom the expecta-
tion value of quantum dispersions or momenta are defined
as follows
Ga,b =
〈
(pˆ− p)a(xˆ− x)b〉 , (13)
where, the completely symmetric or Weyl order of the
operators is used.
The evolution of the system is generated by an effec-
tive Hamiltonian HQ, which is corrected form the clas-
sical one by quantum effects induced by the expectation
values of dispersions, and is obtained through a Taylor
expansion around the expectation values of the canonical
variables
HQ
(
x, p,Ga,b
)
= 〈Hˆ(xˆ, pˆ)〉 (14)
= H(x, p) +
∞∑
a+b≥2
1
a!b!
∂a+bH(x, p)
∂pa∂xb
Ga,b.
where p = 〈pˆ〉 and x = 〈xˆ〉 are the expectation values
of the momentum and position operators, and a, b =
0, 1, 2, . . ., such that a+ b ≥ 2.
For the gravitational potential we get the following
HQ
(
x, p,G2,0
)
=
p2
2m
+mgx+
1
2m
G2,0. (15)
An interesting feature of this system is that the Hamil-
tonian is finite in quantum corrections, just G0,2 appears
in the previous equation, so we can obtain its exact de-
scription.
The momenta Ga,b, being the expectation values of
generic products of momentum and position operators
must satisfy generalized uncertainty relations, given that
the expected value of the operators squared satisfies
Schwarz inequality [13]
G0,2G2,0 − (G1,1)2 ≥ 1
4
〈−i[xˆ, pˆ]〉2 =
(
~
2
)2
. (16)
4Equations of motion, for momenta and classical phase
variables, are obtained with the Poisson brackets with
the effective Hamiltonian (15), [3, 13]
dx
dt
= {x,HQ} = ∂H
∂p
+
∞∑
a+b≥2
1
a!b!
∂a+b+1H(x, p)
∂pa+1∂xb
Ga,b, (17)
dp
dt
= {p,HQ} = −∂H
∂x
−
∞∑
a+b≥2
1
a!b!
∂a+b+1H(x, p)
∂pa∂xb+1
Ga,b, (18)
dGa,b
dt
= {Ga,b, HQ} = b
m
Ga+1,b−1
+ a
∞∑
n=2
V (n)(x)
(n− 1)!
[
G0,n−1Ga−1,b −Ga−1,b+n−1] ,(19)
In the case of Hamiltonian (15) the equations of motion
for expectation values x, p, reduces to the classical Hamil-
tonian equations because the sums in (17) and (18) will
give no contribution, indeed this occurs if the effective
Hamiltonian is at most quadratic in canonical variables.
Therefore the motion equations are the following
dG0,2
dt
=
2
m
G1,1,
dG1,1
dt
=
1
m
G2,0,
dG2,0
dt
= 0,(20)
x˙ =
p
m
, p˙ = −mg. (21)
As can be seen classical and quantum variables decouple.
It is straightforward to solve them, and we obtain
G2,0(t) = c0 = const., G
1,1(t) =
c0
m
t+ c1,
G0,2(t) =
c0
m2
t2 +
2c1
m
t+ c2, (22)
where the classical solution for the canonical variables in
the same as (2) and c0, c1 y c2 are constants fixed by
initial conditions.
We can use the solution (22) in (16) to get
c0 c2 − c21 ≥
(
~
2
)2
. (23)
Assuming that the dispersions are not initially correlated
G1,1(0) = 0, implies that c1 = 0. The inequality depends
only on c0 y c2 which are the initial conditions for sec-
ond order moments. Even more, if we saturate the uncer-
tainty condition (23), we get a relation between constants
fixed by initial conditions, that is
c0 =
~2
4c2
. (24)
This set of initial conditions is certainly one of the sim-
plest choices one can make, however, it is possible to
make an analysis for coherent dynamical states for this
model, in a similar way as the Gaussian-Klauder coherent
states studied in [20].
We choose to obtain the dispersion in positions since it
is the one appearing in the corrected Hamiltonian (15).
If we want a non-trivial dynamical evolution for this mo-
mentum its initial condition must be non zero. As we
recall, there exists a characteristic length for the gravita-
tional field lg, given in Eq. (7), we can propose an initial
condition for the moment of that order, i.e.
G0,2(0) = c2 = αl
2
g,
where α is a dimensionless constant. Using (24) we ob-
tain c0 = (~gm2)2/3/4α. From this we see that the solu-
tions in (22) can be written as
G2,0(t) =
1
4α
(~gm2)2/3, G1,1(t) =
1
4α
(~2g2m)1/3 t,
G0,2(t) =
1
4α
(
~g
m
)2/3
t2 + αl2g, (25)
from where we see that the uncertainty in the momentum
is constant, in position is quadratic and the correlation
between both is linear in time. Substituting this last
expression in the Hamiltonian (15), we can rewrite it as
follows
HQ (x, p) =
p2
2m
+mgx+
1
α
(
~2g2m
2
)1/3
, (26)
where the correction term in the Hamiltonian is precisely
proportional to the characteristic energy of the system
Eg, given in (8). This suggest that one option is to choose
α1 = 1 such that initial dispersion in the position might
be the gravitational length squared. Next we will see a
different choice, so let us keep α general, so that
HQ (x, p) =
p2
2m
+mg
(
x+
lg
α
)
. (27)
Let us realize that this Hamiltonian has a minimum non-
zero energy associated with the characteristic length of
the system. Indeed, it is possible to use the lowest energy
eigenvalue to fix the lower bound of this Hamiltonian, so
set α2 = 0.4277 as a different value for the constant of
the position variance.
Thus, the expectation value for the position ap-
proximately follows the classical trajectory (22) being
bounded by the time-dependent uncertainty (25), so we
can express the corresponding solution with effective
quantum correction as x(t) ±√G0,2(t), constrained to
the same initial condition v0 = 0, i.e.
x0 − g
2
t2 ±
√
αl2g +
glg
25/3α
t2. (28)
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FIG. 1: Semiclassical bounce of the quantum ball x ± ∆x.
Solid (blue) line is the classical solution, dashed (red) line
is for α1 = 1, and dot-dashed line (green) is the case α2 =
0.4277.
As in (3) it is possible to write the solution in terms
of the period obtaining a series of bounces bounded by
the uncertainty ∆x. The behavior of Eq. (28) is shown
in Fig. 1 the proposed values of the dispersion dimen-
sionless constant α. We realize that at the maximum of
the trajectory, the absolute value of the uncertainty is
a maximum. However, the behavior of the dispersions
is the same in each period. The case of the momentum
is very simple since the uncertainty is always constant
at each point, so the graph will be a straight line with
a constant fringe. Finally, the covariance is linear in t,
which means that as we evolve in time the dispersions of
classical variables will be more correlated up to a maxi-
mum in each period, due to quantum effects. Indeed the
strength of the correlation is proportional to the charac-
teristic energy Eg.
IV. DISCUSSION
We have employed the momentous effective semiclassi-
cal description of quantum mechanics to study the behav-
ior of a particle under the influence of a gravitational po-
tential. We showed how the usual Schro¨dinger evolution
in quantum mechanics can be analyzed with an equiva-
lent semiclassical dynamical system for which a Hamilto-
nian is obtained. The dynamical phase space variables of
this system, (x, p) together with all quantum dispersions
Ga,b encode all the information of the quantum system,
making the study of quantum systems more tractable for
a particular truncation.
The quantum behavior of a massive particle bouncing
in the presence of a gravitational field, which is usually
called a quantum bouncer, is used to model some ex-
periments to measure sensibility in gravity tests, making
the former a very interesting scenario to consider. This
model has also been used to test various scenarios of su-
per symmetric gravity [21] and quantum gravity, partic-
ularly in those that involve particular length scales, it
was possible to impose bounds on those parameters of
the theory [21–24].
In this work we showed that, for the case when there
are no initial correlation between position and momen-
tum, the effective Hamiltonian acquires quantum correc-
tions related to the characteristic, ground-state energy
and to the gravitational length lg. The classical tra-
jectory is bounded by the value of the time-dependent
momentum G0,2, because of the generalized uncertainty
relation. It is worth mentioning that there are previ-
ous studies in the semiclassical regime for this quan-
tum bouncer. For instance, in [25] time-dependent so-
lutions for different expectation values, for certain Gaus-
sian states where found. It is interesting to note that they
obtain a result very similar to ours for the dispersions in
x and p. However, since they do not consider the correla-
tion between them, the product of ∆x∆p is a function of
time, unlike our case, which is constant. The method of
momentous effective quantum mechanics employed here
results very suitable for the quantum bouncing ball for
it provides a very detailed description of the evolution
of the particle, which can be contrasted with experimen-
tal observations and measurements [6, 8, 9, 11, 12]. The
application of this method to the study of semiclassi-
cal states for more quantum systems, especially those
with high experimental precision, will be carried out else-
where.
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